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Abstract

In this study, the infection process in infectious individual is mathematically modeled by using a system of
fractional order differential equations with multiple-orders. Qualitative analysis of the model was done. To
mathematically examine the effects of Pseudomonas Aeruginosa and Mycobacterium tuberculosis and their
treatment methods, the results of the proposed model are compared with numerical simulations with the help of
datas obtained from the literature.
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1. Introduction

In the process of forming and examining of mathematical models, the ordinary differential
equations (ODE), the fractional-order differential equations (FDE) and the difference
equations etc. are encountered in the literature. Especially, numerous literature on the
application of fractional-order differential equations in nonlinear dynamics has recently been
developed [1].

In the process of modeling real-life situations, the created models by using fractional-order
differential and integration minimize the ignored errors that are caused by parameters, since
the more general form of the concepts of integer-order differential and integration are

© 2018 B. Dagbasi, 1. Oztiirk, N. Menekse published by International Journal of Engineering & Applied Sciences. This work is licensed
under a Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.

207


mailto:n.menekse@outlook.com
mailto:ozturki@erciyes.edu.tr
mailto:dasbasi_bahatdin@hotmail.com
http://dx.doi.org/10.24107/ijeas.458642

B. Dagsbasu, I. Oztiirk, N. Menekse

concepts of the fractional-order differential and integration. For this reason, the models
formed by fractional-order differential equations are more realistic and feasible[2-11].

Fractional-order differential theory is based on the notes of Leibnitz in 1695. However, the
earliest systematic studies on this subject were made by Liouville, Riemann and Holmgren in
the 19th century [12]. At first this topic has been useful only in mathematics, but it has
recently gained importance in other disciplines. FDE and its system are frequently used in the
variety applications such as fluid mechanics, economics, viscoelasticity, biology,
thermodynamics, physics and engineering [13-21]. Particularly, biology is a very rich
resource for such models [22].

Considering the change of its size of a certain specy in population, the proposed models in the
literature base on the mathematical growth models such as Malthus [23,24], Pearl-Verhulst
Logistic [25,26], Gompertz [27-30] and Kemostat [31]. In addition that, there are interactive
population models such as Lotka-Volterra prey-predator [32-34], Kolmogorov [35,35] and
Epidemic [37] etc.

In this study, a mathematical model considering time-dependent changes of immune system
cells, pathogen and drug concentrations in an infected individual receiving multiple drug
treatment, is proposed. This model is in the form of fractional-order differential equations
system. In this respect, the proposed model is mathematically different from the ones
proposed in [38-41], since the different parameters under various scenarios have been added
to the model in here.

2. Formation of Model

In this section, the infection model is introduced by giving the definitions of the used
variables and parameters. In this sense, time-dependent changes of immune system cells and
populations of susceptible bacteria to antibiotic and resistant bacteria to antibiotic in an
individual receiving multiple antibiotic treatment in case of an infection have been
investigated through mathematical modeling.

There are two types of immune system cells. These are effector cells, namely the first
response or non-specific response of the immune system, and memory cells, namely the
second response or specific response of immune system cells. When a sudden infection occurs
in the host, first the effector cells and then the memory cells respond to the pathogen until the
pathogen completely disappeared [42,43]. The effect of the memory cells of the immune
system is investigated in the proposed model.

It has assumed that B(t), S(t), R(t) and A;(t) fori = 1,2, ...,n symbolize the population size
of specific immune system cells, the population size of susceptible bacteria to antibiotic, the
population size of resistant bacteria to antibiotic and concentrations of antibiotics at time ¢,
respectively. If the orders of the derivative in the system are accepted as «; for j =
1,2,...,n + 3, respectively, then D%/ expresses fractional derivatives in the sense of Caputo
from the a;-th order. By aforementioned assumptions, the nonlinear and autonomous FDEs
system with multiple orders composed of (n + 3) equations is
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D*B =v(S+ R)B — wgB
S+R

D(ZZS = ﬁSS (1 —T) — O)SS — SZ?:I & Ai —Szgl:l di Ai - ]/BS

D% R = ﬁRR (1 —S;—R) - a)RR +SZ?=181'A1' —)/BR

Dai+3Ai = 6i - ,LliAi,i = 1,2,...,7’1

1)

fort = 0. The a; for j = 1,2,...,n + 3 can be any real or complex vector. In this study, it is
taken into account that these derivatives are nonnegative real numbers, and so, a; € (0,1].
According to B =B(t), S=S(t), R=R(t), A, = A.(t),..., A, =A,(t), the initial
conditions at the time t=t, are B(ty) = B, S(ty) =Sy, R(ty) =Ry Ai(ty) =
Ay, An(to) = Ay, For the parameters used in the system (2.1), itis

ﬁS’BRI wS! wR)y)A: v, di,gi, Si,#i € R+ (2)

fori=1,2,...,n.

The definitions of the parameters in (2) are given below. Because it is assumed that the
bacteria have grown in accordance with the logistic rules, the parameters Ss and S5 are the
growth rates of susceptible and resistant bacteria to multiple antibiotic, respectively, and the
parameter A indicates the carrying capacity of bacteria. Also, it is

Bs > Br (3)

due to fitness cost [41]. Immune system cells multiply at rate of v by the current bacterial
load [44,45]. Susceptible bacteria, resistant bacteria and immune system cells have the natural
death rates wg, wg and wpg, respectively. In addition that, the susceptible and resistant bacteria
have death rates due to immune system cells and this rates is y [46]. During the
administration of the i-th antibiotic, some resistant bacteria emerge due to mutations of
susceptible bacteria exposed to this antibiotic. g for i = 1,2,...,n is the mutation rate of
susceptible bacteria exposured to the i-th antibiotic. Because susceptible bacteria are also
killed by the action of antibiotics, d; fori = 1,2,...,n is the death rate of susceptible bacteria
exposured to the i-th antibiotic [38]. Lastly, the i-th antibiotic concentration is supplied at a
constant rate §;, and is taken up at a constant per capita rate y; [39].

Thus, the model (1) under the above scenarios is the mathematical form of a general bacterial
infection and the relationships among the variables used in this model have showed
schematically in Fig.1.
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Amntibiotic Concentrations

Feeziztant

Bacteria

Fig.1. Schematic representation of the interaction among bacteria, immune system cells and
antibiotic concentrations according to the parameters used in (1).

Definition 2.1. Let i = 1,2,3,...,n + 3. Model in (1) can be rewritting in the matris form as
following

DX (t) = f(X()) = UX(t) + x5 (£)N, X (t) + x3()NsX(t) + P

X(0) = X, )

where it is shown by a = [ay, ay a3,...,a,43]7 the derivatives, by X(t) =
[, (), %2 (£), x3(£), X4 (£) ..., Xpy3 (O] = [B(£), S(£), R(t), A1 (D) ..., A (D)]" € R™3  the
variables, by f = [f1, fa, fa -» fas3lF € R¥3, £i: [0, +00)xR™3 > R the functions. Also,
when it is considered as D% = [D%,D%,D%3, ..., D%+3]T D% expresses a fractional
derivative in the sense of Caputo from the a;-th order. For D%X(t) =
[D%1x,(t), D% x,(t), D*3x5(t), ..., D*+3x, 5 (£)]7, (4) is defined as follows:
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—wg 0 0 0 0
/0 (Bs_(‘)s) 0 0 0 \
U=I0 0 (ﬁr_wR) 0 0 |
k? o0 e 0
A Y
0 v 0 0 0 ... 0
{O\I /—)/ —% —% —(e;+dy) ... —(g,+dy)
P:kgl |,N2:|0 0 —% & e & , (5)
/ o 0 0 0 e 0
On \b 0 0 0 0
v 0 0 0 0 B(O) x41(0)
/0 0,270 0\ /S(O)\ /xl(O)
|-y - 0 o0 0| | R(O) | _| x5(0)
M=o 0 0 0 o |20 =| 40 |7 oo |
o) e Lo

Definition 2.2. For X(t) = (xl(t) X, (t) x3(t) x4(2) ... xn+3(t)) let C*[0,T] be a set of
continuous column vectors in the interval [0, T]. Norm of the vector X(t) € C [0, T] definited
in (4) is shown by [|X(8)|| = X3 sup,|x;(£)].

Proposition 2.1. We have keep in mind Definition 2.1. In this sense, let us consider X (t) =

(1(8) 22 (6) x3(t) x4(0) ... xn+3(t))T in R?*3 = {X € R"*3: X > 0} and D“f(x) € C[a,b]
for f(X) e Cla,b], 0 < a < 1. According to generalized mean value theorem, it is f(x) =
fla) + e )D“f(f)(x —a)*forV x € [a,b] and 0 < & < x. Also,

e When D%f(x) > 0 for ¥V x € [a, b], the function f(x) increases for each x € [a, b].
e When D%f(x) < 0 for ¥V x € [a, b], the function f(x) decreases for each x € [a, b].

In addition to the above mentioned, the vector field is the points in R%?*3, due to
Daxl(t)|x1=XZZX3=Xi+3=0 = 07 Daxz(t)|x1=x2=x3=xi+3=0 = O’ Dax3(t)|X1=xZ=X3=Xi+3=0 = 0
and Dx; 43 (E) |, =xp=xs=x;45=0 = Vi fOri =1.2,..,n

Proposition 2.2. If X(t) € C*[0,T], then the system (4) has a single solution [47].
Proof Let DX (t) = UX(t) + x, ()N, X (£) + x3(£)N3X (t) + P. In this case, it is F(X(¢)) €

C*[0,T] for the vector X(t) € C*[0,T]. For the vectors X(t),Y(t) € C*[0,T] such that
X(t) # Y(t), we have the follows:

IF(x@®) = Fr®)]
= [IUX(®) + 22 (DN, X (1) + x3N3X (D) + P) = (UY(2) + y2(ON;Y (6) + ysN; X (0) + P)|

= lUX (@) + x2(ONX () + x3N3X () — UY (£) — y2 ()N, Y (8) — ysNa X (Ol
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U(X(t) - Y(t)) + %, (F)N X (t) + x3N3X(t) — y ()N Y (t) — ysN3 X ()

|- (xz(t)Nzy(t) — X3 (t)Nzy(t)> - <x3 (ON5Y (t) — x3(L)N3Y (t)

0 0

UX(@®) —Y(@®) + x,(®O)No(X () = Y () + x5 (N3 (X (£) — Y () ‘
+(x2(1) — y2(O)NLY () + (x3(8) — y3(0))N3Y ()

( lU(x @) = Y@®)|| + ||x2(ON(X ) = Y (©O)|| + ||xs N3 (X (6) — Y(t))||>
+{|(x2(0) =y (D)NY (®)|| + || (3 (&) — y3(©)N:Y (@]

<I|UII||(X(t) —Y(@O)|| + L2 ONIN| (X (©®) = Y©)]| + lxs O1IN5 || (X (©) = Y(t))||>
NI (226 = y2 ) [IIY O + N3]l (x3(©) = ys @) [IIY @)l

(N + L OHIN+ s OTINSID [ (X @) = Y ()] + )

IA

IA

1Nl | G2 (®) = y ) [ IY Ol + IN5 ]l | (x3(0) =y )| Y @)l
sIx@-ro)] <@y )]

NI+ VLY CON + 1N ez (O] + )
< (Il ol + e Ty (o) 1K@ =Y @)1

<IX@ll s[Ix@ll

(IIUII + NIl |22 (8] + IIY(t)II> + 1INl (Ixs(t)l + IIY(t)II)> [(x@® -Y®)|
< (Ul + AN+ INIDAIX T+ Y OID)[[(X (@) = Y )|
and so

IF(x®) - Fr@®)| < L (x® -y ®)|| (6)
where L = ||U|| + (|IN,|| + |INs|)(E; + E;) > 0 such that E;, E, € Rtand || X(t)|| < E,,
lY(t)|| < E, due to X(t),Y(t) € C*[0,T]. Hence, there is only one solution of (4).
3. Qualitative Analysis of Mathematical Model

In this section, the equilibrium points of the mathematical model expressed in (1) are found
and stability analysis of these equilibrium points is made.

Definition 3.1. For the system (1), the threshold parameters Sg, Rz and Sy are defined as
follows:

S5 S5;
(ﬁs—ws—2?=1(€i+di)—l,) (Br—wR) Yiient
Ss = Bs - JRp = R . ,Sp = PR =3 (7
a 7 a
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where S > 0 and S, Ry < A due to (2).

Proposition 3.2. We have presumed that the general expression of the equilibrium points of
the system (1) is E(B,S,R,A,,A,,...,A,). If the threshold parameters in Definition 3.1 are
taken into account, then the following expressions are provided:

e The infection-free equilibrium point is E, (0 0,0,— % iz . z") and this point always
U1 2 n
exists.
e If Ry > 0, then the equilibrium point E; (0 0,Rg,— iy 52,...,5—") exists.
H1 U2 Hn
o lLet Sg+Sg#Rg. |If S¢>Rgp, then the -equilibrium point E, (0, (Ss —
Ss 5 5, S o
Rg) (55+5R RR) Sk (Ss+Sr—RR) "p1 " p2”’ "Hn) exists.
Re_“B
o If Ry — 22> 0, then the equilibrium point £ | —>2—,0,22 %2 %2 On | ayists,
v PR VU1 M2 Un
v

o Let Ss>max{RR,%}. In this case, the positive equilibrium point is

wp wB
E |3 ﬂ( SS‘RR) SRy %% O ) and it exists
* 75 v \Ss+Sp=Rp/’ (Ss+Sp=Rp)’ w1’ wz" """ i | '
vy

Proof Let us remember that the equilibrium solution of (1) is denoted by
E(B,S,R, A, A,,...,Ay,). This solution is obtained from D¥1B = D*2§ = D*R = D%+34; =
0 fori =1,2,...,n. Therefore, we have

v(S+R)B—wzB=0
S+R

355(1—— —weS =S¥ g A —SY™ d; A —yBS=0 9

S+R = — -
R (1——) wpR+SY™ ;A —yBR =0

Si—uiAl = 0, i = 1,2,...,7’L

Let us consider that the threshold parameters in Definition 3.1. The equilibrium value 4, = =

Ui
is founded by the equation &§; — p;4, = 0, which is the fourth equation of the system (8). If
this value is rewritten in the second and third equations in (8), then it is founded that

YABY
(SS—(S+R)——S)—O" ©)
RRy—R(S+R)+5s, — 228 = ¢
By the first equation of (9), it is either
§=00r(5‘+§)=% (10)
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(i) Let B = 0. In this case, (9) tranforms to

S(Ss=S+R)=0 (11)
RRy —R(S+R) + 55, = 0.

From first equation in (11), it is founded either S = 0 or S + R = S;.

a. Let S = 0. If this value is written in the second equation of (11), R = 0 and R = Ry

: 5, 8 s 5, 8 5
are obtained. Therefore, E, (0,0,0,—1,—2,...,—") and E; (O,O,RR,—l,—z,...,—") are
H1 K2 HUn H1 U2 HUn

the equilibrium points. The equilibrium point E, is biological meaningful due to (2).
On the other hand, the equilibrium point E is biological meaningful when R, > 0.

b. LetS + R = S. Taking into consideration the threshold parameters in (7), if this value
is substituted in the second equation of the system (11), then

LA
StR=5 (12)
SSR + R(RR _Ss) = 0
is founded. From (12), we have S = SsGs7RR) and R = —3552__ for S¢+Sg—Rg #
Ss+Sr—RR Ss+SR—RR

0. For Sx>0 in (7), if S¢>max{Rg, 0}, then the -equilibrium point

Ss(Ss—R SsS 61 6 S . f . .
E, ( JEAIC i ,—1,—2,...,—”) is biological meaning.
Ss+SR—RR Ss+SR—RR U1 U2 Un

(ii) Let

S+R)==E (13)

4

In this respect, the system (9) transforms to

s(s.—22_ X p)=
s(ss - %B> 0 14)

_“B
From the second equation in the system (14), it is clear that either S = 0 or B = SL" .
Bs
_ _ _ Rp-2EB
a. Let us assume S =0. In this sense, the values R =<2 and then B = Ry L are
el s . . R™7, wp &1 63 611
founded from (14), and so the equilibrium point is E; +,0,—,—,—=,...,— | If
Br v ol K2 HUn
A
Ry —=E>0, (15)

4
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then this point is biological meaningful due to (2).

_“p
b. LetB = Sy Y- If this value is substituted in the second equation of (14), then
§
S+R)==2
( )= (16)

§SR + R(RR _Ss) = 0

is obtained. By solving the equations in (16) for Sg¢ + Sz — Rz # 0, the equilibrium

= Ss—R = SR~ .
values as S =ﬂ(#) and R = ——2—— are obtained. Thereby, If S; >
v \Ss+Sr—Rgr (Ss+Sr—RR)
max{RR,%} then, the equilibrium point
wp wpg wp
Ss——* —>(Ss—Rr) —*SR  &; & 5 N . .

E,| %, ,—=2 ,—,—=2,...,—= | is biological meaningful due to (2)

Bs Ss+SR—RR " Ss+SR—RR U1 U2 Un

i
and (7).

The following table can be given with respect to the biological existence conditions depended
on the parameters of the equilibrium points.

Table 1. The biological meaningful condition for equilibrium points of (1).

Equilibrium Point Biological Existence Condition
6, 0 6
E, (0,0,0,—1,—2, . .,—”) Always
H1 K2 Hn
8, & 1)
El(O,O,RR,—l,—Z,...,—") 0 < Rp
H1 U2 Hn

max{RR, 0} < Ss, SS + SR - RR i 0

E<0 SsGs—Re) __ SsSx 01 8, @)
2 ’SS+SR_RR’SS+SR_RR’/'ll’,uZ’“.’,un

é v oM K Hn
A

Ss_a;_B %(SS_RR) %SR 61 6, o
2 'Ss+Sp—Rp'Ss+Sp—Rp'ui'uy" T ky

max {RR!%} < Ss, SS + SR - RR ::& 0

Definition 3.2. In the stability analysis of the equilibrium points of the system (1), we have
assumed that

G =a =" =0p3 =« (17)

for the orders of derivatives in this system.
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Proposition 3.3. Let us assume that Definition 3.2. is provided. The following expressions for
the equilibrium points of the system (1) are proved.

(i) IfSg,Rg < 0, then E, (0 0,0,2 zz %) is locally asymtotically stable.
(i) Let 0 < Rg. If S5 < Rp < ZE, then E, (0 0, RR,al,iz,...,i—") is locally asymtotically
2 n
stable.
(iii)Let  max{Rz, 0} <S¢ and  Sg+Sz—Rg #0. If S < % then
Ss(Ss—RR) SsSR 61 62 [IAY .
2( ,SS+SR_RR,SS+SR_RR,”1,#Z,...,“n) is locally asymtotically stable.
wp Bs (g _wp _ s Ree P @ 81 8 S
(iv)Let = <RR If ﬁR(SS v)< (RR v), then Ej % ,0, s is
A
locally asymtotically stable.
(v) Let max {Rg, “2} < S and Se+Sg — Ry # 0.
Sg—2B ZB(ss_Rgp) “Bg i _
E |l x "R %R 58 O s ocally asymiotically stable, when
Bs Ss+SR—RR " Ss+SR—RR U1 W2 Hn
N
Sp < %

Proof The functions obtained from the system (1) for i = 1,2,..., n are as the followings

91(B;S;R;A1; o A ) = U(S + R)B (,UBB
S
92(B,S, R, Ay, .., Ap) = fsS (1 - 28) = w58 = ST & 4; — ST —yBS
S+R
gs(B,S,R, Ay, .., A,) = BxR (1—L) wgR +SY™ & A, — yBR (18)
9a(B,S, R Ay, ..., Ap) = 8; — iy

9i+3(B,S,R, Ay, ..., Ap) = &; — wiA;

In this sense, the jacobian matrix of this system, which has the form | =

(91)s (g)s (g1)r G, - (Ga, \
(92)s (g2)s (92)r (92)A1 (gz)An
(93)s (g3)s (g3)r (93),41 (gs)An i
(9a)s (ga)s (gadr (94),41 (94)An ’
(gn-;-3)B (gn:I-B)S (gn:l-3)R (gn-l:?;)Al (gn-I:S)An
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v(S+R) — wg vB vB 0 0
o SBs _REs
s ( Bs—ws =22 == ) _ s —S(ey ) o —S(en +dy)
— ?:1(81' +dl)Al - ]/B
BrS
J = BaR Br —wgp ==~ 19
_]/R (—T+Z?=1 SiAi) ( ZﬁRR B 0 0 ( )
AT Y
0 0 0 - 0
0 0 0 0 —u,

Let us remember that the values 4, = %for i =1,2,..,nin all of the equilibrium points was

founded in Proposition 3.2. By substituting these values in the Jacobian matrix in (19), this
matrix transforms to

v(S+R) — wp vB vB 0 0
S¢— 25— )
—_ S s —_ —_
5 %( R—LB ) — —S(e; +dy) .. —S(g,+dy)
A
. Rp,—S—
Jr= _ Br, & B[ "R _ (20)
—YR T CR+S) T 2R LB 0 0
A
0 0 0 0 —1,

where B,S and R are the components of the equilibrium points. From the matrix (20)
evaluated at the equilibrium points showed in Table 3.1, it is assumed that the eigenvalues
are denoted by A; fori =1, ...,n + 3. Also, it is clear that 1;,3 = —u; < 0, which meant that
the stability states of the equilibrium points with respect to Routh-Hurwitz criteria do not
affect. Therefore, it should be examined the following block matrix

v(S+R) — wg vB vB
3 Bs c_p_Ynp Bs
) ) —<SS—ZS—R——B> Es
]Block: A % 4 .(21)
—YR Br (R + Sp) B—R<R —s‘—zﬁ—L§>
Y 1 R 1 R BR
A

(i) The matrix (21) evaluated at E,, (o,o,o,ﬁ,&, . .,5—”) is

K1 H2 HUn
_(,I.)B 0 O
Bs

B B
0 TRSR TRRR
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In this sense, the eigenvalues are A; = —wg, 4, = %55 and A3 = %RR. These
eigenvalues are real number and A; < 0 due to (2). If

S¢,Rp <0, (23)

then 14,4, < 0. In this case, E| is locally asymtotically stable.

(i) Let 0 < Rg. The matrix (21) evaluated at the point E; (0,0, RR!%'%' . i_fl) Is
VR — wg 0 0
]Eflock — 0 % (SS - RR) 0 (24)
—yRp %(_RR + Sg) _%RR

In this case, the eigenvalues obtained from (24) are A, = VR —wg, A, =
% (S —Rg) and 15 = —i—RRR. From (2) and (7), it is clear that these eigenvalues are

real number. Moreover, if the biological existence condition of E; is taken into
account, then it is seen 1; < 0. According to Routh-Hurwitz criteria, If

Ss < Rg <=%, (25)

then A, and A, are negatif real number, which meant that E; is locally asymtotically
stable.
(iif)Let S¢ + Sp — Rg # 0 and

max{Rg, 0} < Ss. (26)

By the matrix (21) for E, (O SsGs=Rr) _ SsSr__ 81 3 ...,6—”), itis

"Ss+Sr—Rr’ Ss+Sr—Rr’ t1’ t2’ Un
/ vSs — wp 0 0
\Block —¥Ss(Ss—Rr) _ PBsSs(Ss—Rg) _ BsSs(Ss—Rr)
JE, =| Sg+Sg—Rg A Ss+Sr—RR A Ss+Sr—RR . (27)
— Sr(SR—R SsS
—YR % sii:R—RR; % (RR — 55— (ss+sS*RiRR)))

One of the eigenvalues obtained from (27) is 1; = vSs — wp and the others are
founded by the following matrix

_Bs (SS(SS_RR)) _Bs (SS(SS—RR))
A \Ss+Sr—Rp A \Ss+SR—RR

]E;Block — ) (28)

Br (ﬂ) ﬁ_R( _ _ﬁ)
ASR Ss+Sr—RR A Rr =55 (Ss+Sr—RR)
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A, is real number due to (2) and (7). Moreover, if

Ss < % (29)

then 1, < 0. To find the eigenvalues A, and A5, the characteristic equation obtained
from (28) is

A% — [Tr]gBlo*]|2 + [Det]z B0 = 0 (30)

where

xxBlock _ _ [ BR _ SsSRr Bs (Ss(Ss—RR)
7], - (A <(SS Re) + (55+SR—RR)> T (55+SR—RR)> (31)

DetjiPock = Ll 555 — Re)

Let us consider (26), namely the biological existence condition of E,. In this case,
TrjpPle* <0 and Detjz B > 0. Therefore, it can be seen that all of the
coefficients of (30) are positive real number. According to Routh-Hurwitz criteria, if
the inequality in (29) is met, then all eigenvalues calculated at this equilibrium point
are either complex numbers having negative real part or negative real numbers. In this
case, E, is locally asymtotically stable.

(iv) Let

% < Rpg. (32)

) Rp—LB 5. & 5 ) ) ) . .
In this respect, E; | ——%,0,22 %2 %2 n | hiologically exists. The Jacobian matrix
Br vV oH1 K2 HUn
A

(21) calculated at this point is

Rp—2B Rp—2B
0 v Ry" v Ry”
]EBLOCR = Bs WpR Br )] (33)
el () o |
wp Br wpR (UB,BR/
% T (52 -2) S

From (33), it is A, = %((SS - %) - &(RR — %)) and the eigenvalues A, and A,

are obtained from the characteristic equation given as
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AZ+%€1—R/1+a)Bi—R(RR—%)=0 (34)
If
2 (5,-22) < (5o -22), e

then A, is negative real number. That all coefficients in (34) are positive real number
due to (2) and (32), which meant TrJg!°* < 0 and DetJ£!°°* > 0. In this respect, the
eigenvalues A, and A5 are either negative real numbers or complex numbers having
negative real parts. In accord with Routh-Hurwitz criteria, if the inequality in (34) is
provided, then E; is locally asymtotically stable.

(V) Let Sg¢ + Sgp — Rg # 0 and

max {RR, } < Ss. (36)

By calculating the  Jacobian matrix in  (21) at the point

E SS—CL;—B ﬂ (Ss—RR) (L)B SR 61 62 5_n it iS founded
4 pLS "v (Ss+SR—RR)’ v (Ss+SpR—RR) w1’ w2’ un |’
v
0 vB vB
= G Bs 5 Es
joce — [ —¥S 5% S 6D
_ _. B S = Bs—B 2]
—yR BBz —R) E(-spz—Bya( BSsBRR) ~F)

where the values B, S and R are in E,. The characteristic equation for the eigenvalues
A1, A, and A5 obtained from the matrix (37) is

B+ +cA+ c3=0, (38)
where
o= 55 + b (su5 4 By (B) 4 7))
( 8 + 5 Br By <SR + S+ Bya (B ﬁ‘i‘?))) (39)

SBv Bs—B
C3 = BR <SR +SRR+BVA(55[3RR)>
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Let us recall that if ¢;,c3 >0 and c,c, > c5 for the third-degreee characteristic
polynomial in (38) according to Routh-Hurwitz criteria, then the equilibrium point is
locally asymtotically stable. It is

C1,Cy,c3 >0 (40)

due to (2) and (3). Also, we have

€1.C; — C3 = —((Lz + BrL1) (va +- =S Br BsL ) — SBv y,BRL1> (41)
and so,
C1.Cy — C3 =% Aiz.s:[)’,%ﬁsLl +L va—+ L, 2S Bs +Byv[ ] BrL1 |(42)
where
Ly = <SR + S+ Bya (B ﬁ’fj)) (@3)

L, = (BsS — BrSkr + BrR).
In this sense, it is
0<L, (44)

due to (3). On the other hand, we have the follows
L, = (BsS - BrSr + BrR),

_ wp Ss—RRr SR
LZ - (BS v (Ss+SR—RR) ﬁRSR +ﬁR v (Ss+Sgp— RR))
1
Lzzm Bs %(SS_RR)_[;RSR(SS_RR+SR_%) ;

wJ
>fg due to (2.3)

wp wg
L, (55+5R RR)( v (Ss — Rr) — Sk (SS —Rp +5g — 7)),

(J.)B wg

(SS+SR RR)( v RR +SR) SR(SS RR +SR)> :ﬁR (T_SR),
Lz (Ss+sR RR) (a;B — Rp + Sg) — Sp(Ss — Rg + SR)> = Bg (% - SR),
and so,
Lz > B (%2 = Se) (45)

If
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Sk <%, (46)
then
0<L,. (47)
For the expression * in (42),
—|eB_c|l_®s_wB(_Ss=Rr \_ @®B|q _ (_Ss=Rr
*= [U S] - v v (SS+SR_RR) - v 1 (SS+SR_RR) >0 (48)

<1 due to (3.30)

is provided. To sum up, if (46) is provided, then it is
€i1.c; —c3 >0, (49)

in (42), due to (44), (46) and (48). Let us consider (46). E, is locally asymtotically
stable, when (40) and (49) are met.

As a result of this proposition, the following table can be given.

Table 2. Conditions of stability and biological meaningful for equilibrium points of (1).

Biological
Equilibrium Point Existence Stability Condition
Condition
E (000 0 % 5") Always S, Rg <0
0 Wy ’#1’ﬂ2"”’#n Sy 'R
51 52 511 Wpg
E (0,0,R ,—,—,...,—) 0<R S¢ < Rp <—
! . H1 Ha Hn . s . v
g (o Ss(Ss — Rg) SsSR 6, 8, &y max{Rg, 0} < Ss, g <28
2\ Ss+ Sk —Rp'Ss+Sp —Rg'pa 2" pin SstSr—Rp #0 s
p (Bt on 88 5 W5 _ b Be (5 - 27) < (g — 22)
O v ke g Be\F v v
n
E SS_? a;_B(SS_RR) %SR 81 &, 6y max{RR,%}<Ss, s <(UB
’ 1] e Ry v e —
* ﬁL_s Ss+Sp—Rp Ss+Sp —Rp 11 12 Bn [| S +Sg — Rz #0 ®
A
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4. Applications of the Proposed Model in (1)

In this section, the values obtained from the literature to the parameters used in the system (1)
are given. The qualitative analysis of the proposed model was supported by numerical
simulations. Two application have been done in this context.

4.1. Application for Pseudomonas Aeruginosa

The parameter values in the studies of Handel et al. [48] and Ternent et al. [40] are used. For
an individual receiving Meropenem and Antivirulence drug in case of the infection caused by
Pseudomonas Aeruginosa, they proposed a mathematical model in ODE form, based on the
relationship among phagocyte (immune system cells), bacteria and drug concentrations.

Table 3. Parameter values used in system (1) for Pseudomonas Aeruginosa

Parameter Definition Value Reference

Bs The growth rate of susceptible Pseudomonas Aeruginosa 24 day™ [48]

Br The growth rate of resistant Pseudomonas aeruginosa 21.6 day™* [40]

A The carrying capacity of Pseudomonas Aeruginosa 10° bakteri [48]

v ;Zr:u%ri?]\gr;l; rate of immune system cells in the presence of Pseudomonas 3 day™ [40]

Ws The natural death rate of susceptible Pseudomonas Aeruginosa 0.7 day™ [40]

wg The natural death rate of resistant Pseudomonas Aeruginosa 0.7 day™ [40]

wp The natural death rate of immune system cells 1512 day™ [49]

y The death rate of Pseudomonas Aeruginosa due to immune system cells 2.4 % 107*day? [49]

& The mutation rate of Pseudomonas Aeruginosa due to Meropenem 10~% mutxgen [50,51]

& The mutation rate of Pseudomonas Aeruginosa due to anti-virulence drug 0 mutxgen [40]

d, The death rate of Pseudomonas Aeruginosa due to Meropenem 8.47 day! [40]

d, The death rate of Pseudomonas Aeruginosa due to anti-virulence drug 2.93 day! [50,51]

6, The daily dose of Meropenem 4 mg/kg/day [40,50,51]

8, The daily dose of anti-virulence drug 4 mg/kg/day [40,50,51]

1y The remove rate from the body of Meropenem 0.15 day* [50,51]

Uy The remove rate from the body of anti-virulence drug 0.15 day™* [50,51]

a The orders of the derivative in the system (1) 0.9 Hypothesis
(Bo,So, RosAyy) | Initial conditions for i = 1,2 (1,6000,2,4,4) [40,48]

When parameter values in Table 3. are used, the threshold parameters in Definition 3.1. are
S¢ = —11695802777, Rgr = 967592592 and S; = 1234567901. From Proposition 3.2.,
E,(0,0,0,26.66,26.66),

the equilibrium

points existed
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E;(0,0,967592592,26.66,26.66) and FE;(87083.33,0,0.504,26.66,26.66), respectively.
E5(87083.33,0,0.504,26.66,26.66) is locally asymtotically stable, because it is %(Ss—
R

wp 2923950694376 %)
N

” e —) = 967592591.496 in the Proposition 3.3. The drug dose

and duration of treatment for this infection is determined by type and severity of the infection
and the patient's condition. In the study of Handel et al.[48], they have investigated in a
treatment duration of approximately 10 days. In this sense, we have considered the same
treatment duration for this study. Thus, we have obtained the following figures.

% 10°

2F oy =19%7 - 924027 + 1.80+04°x - 2e+05°" + 1425063 -
6.1e+06"x* + 1.7e+07% - 2 Te+07"¢ + 2. 4e+07"x - B.6e+06

9 1}
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g
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JII.;: ﬂ X o ¥ ad ¥ 4
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K| L
B -2
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4t

5 i i i i I I I i

1 2 3 4 5 6 7 8 9 10
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Fig.2. Time-dependent changes of the immune system cells during 10 days of the drug
treatment according to Table 3.
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oth degree polynomial interpolation

4000 1

3000

2000 +

1000 E

0 & o = o & 5 & F

The susceptible Pseudomonas Aeniginosa population

1000 I L i 1 1 I I
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Fig.3. Time-dependent changes of the susceptible Pseudomonas Aeruginosa population
during 10 days of drug treatment according to Table 3.
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Fig.4. Time-dependent changes of the resistant Pseudomonas Aeruginosa population during
10 days of drug treatment according to Table 3.
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Fig.5. Time-dependent changes for the each drug concentrations (Meropenem or Anti-
virulence drug) during 10 days of drug treatment according to Table 3.
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Fig.6. Time-dependent changes of the Pseudomonas Aeruginosa population during 10 days of
drug treatment according to Table 3.

The daily ranges in quantities of the specific immune system cells, the susceptible
Pseudomonas Aeruginosa population, the resistant Pseudomonas Aeruginosa population, the
drug concentrations (Meropenem or Anti-virulence drug) and the Pseudomonas Aeruginosa
population during the 10-day treatment period are shown respectively in Fig.2-6.

For ease of reviewing the daily values of the variables in these figures, the points on the graph
were interpolated into polynomial at 9th degree (except for the initial conditions) to show the
increase or decrease between consecutive days, due to it is a treatment method of 10 days.

Stability of the equilibrium points E5(87083.33,0,0.504,26.66,26.66) is seen in Fig. 7.
Within 10 days of treatment, the antibiotic-resistant Pseudomonas aeruginosa population
approaches 0.504 (quite small value) and the antibiotic-susceptible Pseudomonas aeruginosa
population disappears. Also, it takes a long time that specific immune system cells approach
to the value of 87083.33. As shown in Fig.7, this is due to the local stability and the
parameters.
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Fig.7. According to Table 3, Stability of the equilibrium point
E5(87083.33,0,0.504,26.66,26.66).

4.2. Application for Mycobacterium Tuberculosis

The parameter values in the studies of Mondragon et al. [39] are used. For an individual
receiving the antibiotics isoniazid (INH), rifampicin (RIF), streptomycin (SRT) and
pyrazinamide (PZA) in case of the infection caused by Mycobacterium Tuberculosis, they
proposed a mathematical model in ODE form, based on the relationship between bacteria and
antibiotic concentrations. For this infection, the treatment time is about 6 months. In this
sense, all of the antibiotics are used in the first two months and the antibiotics isoniazid and
rifampicin are used in the remaining four months [52]. The parameter values used in the

system (1) for numerical study are given in Table 4.
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Table 4. Parameter values used in system (1) for Mycobacterium Tuberculosis

Parameter Definition Value Reference

Bs The growth rate of susceptible Mycobacterium Tuberculosis 0.8 day* [39]

Br The growth rate of resistant Mycobacterium Tuberculosis 0.4 day™ [39]

A The carrying capacity of Mycobacterium Tuberculosis 10 bakteri [53]

v mgegr::(:]vl\gsisrate of immune system cells in the presence of Mycobacterium 0.0002 day* Hypothesis

Wg The natural death rate of susceptible Mycobacterium Tuberculosis 0.312 day™* [39]

Wg The natural death rate of resistant Mycobacterium Tuberculosis 0.312 day™* [39]

wp The natural death rate of immune system cells 0.35 day™* [54]

y The death rate of Mycobacterium Tuberculosis due to immune system cells 2.4 % 107* day*? [49]

& The mutation rate of Mycobacterium Tuberculosis due to isoniazid 10~% mutxgen [55]

& The mutation rate of Mycobacterium Tuberculosis due to rifampicin 1078 mutxgen [55]

& The mutation rate of Mycobacterium Tuberculosis due to streptomycin 0 [39]

A The mutation rate of Mycobacterium Tuberculosis due to pyrazinamide 0 [39]

d, The death rate of Mycobacterium Tuberculosis due to isoniazid 0.0039 day* [56]

d, The death rate of Mycobacterium Tuberculosis due to rifampicin 0.00375 day* [39]

ds The death rate of Mycobacterium Tuberculosis due to streptomycin 0.0025 day* [53]

d, The death rate of Mycobacterium Tuberculosis due to pyrazinamide 0.00001625 day* [53]

6, The daily dose of isoniazid 5 mg/kg/day [55]

8, The daily dose of rifampicin 10 mg/kg/day [55]

O3 The daily dose of streptomycin 15-25 mg/kg/ day [55]

Oy The daily dose of pyrazinamide 20-35 mg/kg/ day [55]

1y The remove rate from the body of isoniazid 0.06 day* [57]

Uy The remove rate from the body of rifampicin 0.05 day [57]

Us The remove rate from the body of streptomycin 0.04 day [57]

Uy The remove rate from the body of pyrazinamide 0.03 day [57]

a The orders of the derivative in the system (1) 0.9 Hypothesis
(Bo» S0, Ro,Ai)| Initial conditions for i = 1,2,3,4 (1000, 6000, 20,0,0,0,0) | Hypothesis

Let us consider the parameter values in Table 4. and the treatment method mentioned above.

All antibiotics are used in the first two months of this treatment. In this sense, the threshold
parameters are obtained as S¢ = —1919273333, Rz = 220000000 and Sz = 213333.

Considered

in Table 1, the equilibrium points
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E,(0,0,0,83,200,375,666), E;(0,0,220000000,83,200,375,666) and
E5(0.5289575,0,1750,83,200,375,666). If the stability conditions of these equilibrium
points with respect to Table 2. is considered, then it is obtained that E, is unstable due to

Rr >0, E; is unstable due to % < Ry and Ej; is locally asymtotically stable
220000000 1750 220000000
due to g—s(Ss — %) < (RR - %) During the first two months of treatment, some of the
R

. —3838550166 219998250 o . ] ]
resistant bacteria population survives and the sensitive bacterial population disappears.

Isoniazid and rifampicin as antibiotic are used in the last four months of this treatment.
Therefore, the threshold parameters are recalculated as Ss = —733856666, Ry =
220000000 and Sp =213333. The equilibrium points existing biologically are
E,(0,0,0,83,200,0,0), E;(0,0,220000000,83,200,0,0) and
E;(0.5289575,0,1750,83,200,375,666). Similar to the calculation results in the first two
months of treatment, the equilibrium point E5(0.5289575,0,1750,83,200,375,666) is locally

i ince s (g. _ @B _ %5
asymtotically stable, since 5 (SS - ) < (RR - )

R ———
—1467716832 219998250

For six months of treatment, the special immune system cells, the susceptible Mycobacterium
Tuberculosis population and the resistant Mycobacterium Tuberculosis population approach
to the values 0.5289575, 0 and 1750, respectively.

These situations are evident in the following figures.

The special immune system cells
=,
L

| ] | |
50 100 150 200 250 300
Time (days)

Fig.8. Time-dependent changes of the special immune system cells during 6 months of
treatment according to Table 4.
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Fig.9 Time-dependent changes of the susceptible Mycobacterium Tuberculosis population
during 6 months of treatment according to Table 4.
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Fig.10. Time-dependent changes of the resistant Mycobacterium Tuberculosis population
during 6 months of treatment according to Table 4.
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Fig.11. Time-dependent changes of the antibiotic concentrations during first 2 months of
treatment according to Table 4.
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Fig.12. Time-dependent changes of the antibiotic concentrations during last 4 months of
treatment according to Table 4.

5. Results and Discussions

As seen in the applications of the proposed model, while the susceptible bacteria population is
disappeared and the resistant bacteria population is limited. Especially, the model is a useful
model for explaining the recrudescence of a bacterial infection believed to have been
destroyed when immune system of the individual is weakened. For example, the World
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Health Organization explains that the rate of recurrence of Mycobacterium Tuberculosis is 5-
10%. According to researchs conducted in recent years, about 9.2 million people suffer from
this infection every year in the world and about 1.6 million of them die due to this infection.
This rate is increasing due to the causes such as long-term or close contact with the infectious
people, excessive stress and weakening of the immune system etc. Therefore, the model
proposed in this study can be considered as a very useful tool to estimate the timing and the
magnitude of both infection and possible re-infection.
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