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Abstract

Many systems in physics, engineering, and natural sciences are nonlinear and modeled with nonlinear equations.
Wave propagation, as a branch of nonlinear science, is one of the most widely studied subjects in recent years.
Nonlocal elasticity theory represents a common growing technique used for conducting the mechanical analysis
of microelectromechanical and nanoelectromechanical systems. In this study, nonlinear wave modulation in
nanorods was examined by means of nonlocal elasticity theory. The nonlocal constitutive equations of Eringen
were utilized in the formulation, and the nonlinear equation of motion of nanorods was obtained. By applying the
multiple scale formalism, the propagation of weakly nonlinear and strongly dispersive waves was investigated,
and the Nonlinear Schréodinger (NLS) equation was obtained as the evolution equation. A part of spacial solutions
of the NLS equation, i.e. nonlinear plane wave, solitary wave and phase jump solutions, were presented. In order
to investigate the nonlocal impacts on the NLS equation numerically, whether envelope solitary wave solutions
exist was investigated by utilizing the physical and geometric features of carbon nanotubes (CNTSs).
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1. Introduction

The accurate characterization of the actual mechanical behavior of nanoscale devices is
significant in the design of the devices in question, including CNTs. However, the application
of a classical continuum theory is questionable while carrying out the mechanical analysis of
carbon nanotubes. The classical continuum theory (classical elasticity theory) is length scale-
free. Hence, it cannot accurately account for very small-sized effects. To eliminate the
deficiencies of the classical continuum theory, different higher-order continuum theories, such
as micro-polar elasticity theory [1-4], nonlocal elasticity theory [5-7], couple stress theory [8]
and the modified couple stress approach [9, 10], have received significant attention in the
analysis of micro- and nanostructures. Due to the high cost of experiments that operate on the
nanoscale, it is of vital importance to introduce suitable physical models for nanobeams (carbon
nanotubes) for the establishment of an appropriate theoretical and mathematical framework for
nanosized structures [11-13]. Eringen [14] and Eringen and Edelen [15] proposed nonlocal
elasticity theory in the 1970s for the purpose of overcoming the deficiencies of classical
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elasticity models. Unlike the conventional theory of elasticity, in the nonlocal theory of
elasticity, it is assumed that the strain at a particular point in a continuous domain and the strain
at all points in the domain determine the stress at the point in question. Several studies have
been performed using this nonlocal model to conduct the analysis of the mechanical behavior
of nanosized structures [16-18].

Wave propagation is a very effective, nondestructive method used for the characterization of
nanostructures. Nanosensor transducers also work on the wave propagation principle. The wave
propagation issue has attracted attention around the world [19-25] in various domains of science
and engineering due to its importance. In the study carried out by Lim and Yang [19], the
researchers investigated wave propagation in CNTs based on nonlocal elastic stress field theory
and Timoshenko beam theory and acquired a novel dispersion and spectrum correlation. In the
study of Hu et al. [20], transverse and torsional waves in single-walled carbon nanotubes
(SWCNTSs) and double-walled carbon nanotubes (DWCNTS) were investigated on the basis of
nonlocal elastic cylindrical shell theory. The researchers compared the wave dispersion that
was estimated by utilizing their model with molecular dynamics simulations in the terahertz
area and concluded that it was possible to acquire a better prediction of dispersion relations by
the nonlocal model. Wu and Dzenis [26] investigated wave propagation in nanofibers. The
researchers studied longitudinal and flexural wave propagation in nanofibers by employing
local theories in terms of surface impacts. Challamel [27] suggested a dispersive wave equation
by utilizing nonlocal elasticity. The researcher introduced a mixture theory of a local and
nonlocal strain. Narendar and Gopalakrishnan [28] investigated the nonlocal scale impacts on
the ultrasonic wave feature of nanorods by employing the nonlocal Love rod theory. In the
study of Narendar [29], the nonlocal Love-Rayleigh rod theory was used to examine wave
propagation in uniform nanorods.

It is well-known that in the case of a sufficiently small amplitude of a wave, a lot of nonlinear
systems allow for harmonic wave solutions with sufficiently small nonlinear terms for ignoring
them, and the amplitude stays unchanged over time. In case of a small-but-finite amplitude of
the wave, it is not possible to ignore the nonlinear terms, which causes an alteration in amplitude
in space as well as time. In case of the slow variation of the amplitude during the period of
oscillation, a stretching transformation allows the separation of the system into a quickly
changing component related to the oscillation and a slowly changing component, for example,
the amplitude. It is possible to present a formal solution as an asymptotic expansion, and it is
possible to derive an equation that identifies the modulation of the first order amplitude. For
example, the nonlinear Schrodinger (NLS) equation represents the most elementary
representative equation that defines the self-modulation of one-dimensional monochromatic
plane waves in dispersive media. The equilibrium between dispersion and nonlinearity is
presented by it. The problem of nonlinear wave modulation was studied by Erbay, Erbay, and
Dost [30] in micropolar elastic media longitudinal waves. They showed that the nonlinear
Schrodinger (NLS) equation, originating from the equilibrium between nonlinearity and
dispersion, governs the nonlinear self-modulation of a longitudinal microrotation wave in
micropolar elastic media. Erbay and Erbay [31] studied nonlinear self-modulation in distensible
tubes filled with fluid by utilizing the nonlinear equations of a thin viscoelastic tube and the
approximate fluid equations. As a result of the study, the researchers indicated that the
dissipative NLS equation governs the nonlinear modulation of pressure waves. The amplitude
modulation of the fluid-filled viscoelastic tube was investigated in the study of Akgun and
Demiray [32], and the dissipative NLS equation was acquired. Furthermore, Akgun and
Demiray [33] studied the modulation of non-linear axial and transverse waves in a thin elastic
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tube filled with fluid and obtained nonlinear Schrédinger equation which corresponds to two
nonlinear equations related to the axial and transverse motions of the tube material. Erbay,
Erbay, and Erkip [34] studied a unidirectional wave motion in a nonlocally and nonlinearly
elastic medium. Duruk, Erbay, and Erkip [35] investigated the blow-up and global existence
for a general class of nonlocal nonlinear coupled wave equations. In the previous studies,
nonlinear wave modulation in nanotubes has not been considered.

In this study, the amplitude modulation of nonlinear wave propagation in nanorods based on
the nonlocal theory was studied by employing the reductive perturbation technique. Firstly, a
one-dimensional nonlinear field equation was obtained. The linear dispersion relation of axial
waves was also presented for observing the dispersive characteristic of the medium. It is shown
that the nonlinear Schrédinger (NLS) equation governs the nonlinear self-modulation of axial
waves in nonlocal elastic media and it is given as an analytical plane wave, envelope solitary
wave and a phase jump solution for the NLS equation. For the purpose of numerical
investigation of the nonlocal impacts on the NLS equation, whether envelope solitary wave
solutions exist was investigated by utilizing the physical and geometric features of carbon
nanotubes.

The organization of the current study is presented below. Section 2 contains information on
nonlocal elasticity theory and the governing equation of the system. The basics of the method
of multiple scale formalism and self-modulation of nonlinear waves are discussed in Section 3.
Section 4 contains the numerical and graphical presentation of the findings. In Section 5, some
discussions and conclusions are given.

2. Basic equations and theoretical preliminaries

In the present section, the basic equation that governs the motion of nanorods in nonlocal elastic
media should be derived. The constitutive equation of the nonlocal linear vibration of a nanorod
which is provided by Eringen [15], Aydogdu [17] is as follows;

)
[1 — (epa)? ﬁ] Tir = AL &Opy + 2 1y €xg (1)

where t,; represents the nonlocal stress tensor, g; represents the strain tensor, A, and
u;, represent Lame constants, a represents the internal characteristic length, and e, represents a
constant. From now on, the nonlocal parameter pu will be used as (eya)? = p.

Selection of the e, parameter (in a unit of length) is very important in ensuring the accuracy of
nonlocal models. It is possible to write Eq.(1) for one-dimensional rod case as follows;

[1 - H%] T = Epép (2)
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where Eg represents the modulus of elasticity. It is possible to write the equation of motion for
a rod with axial vibration motion as follows;

Nt 92uxb)
x M e (3)

where u(x,t) denotes the axial displacement, and m gives the mass per unit length, while N“
provides the axial force per unit length for local elasticity and is presented as follows;

N' = [ oxdA (4)

where A represents the cross-sectional area, oxx represents the local stress component in the x-
direction. By taking the area integral of equation (2), the following equation can be obtained;

62

N—p—N=N" (5)

Here N = fAcXXdA indicates axial force per unit length in nonlocal elasticity. The axial

vibration equation of the rod in nonlocal elasticity may be reached using equations (3) and (5)
in terms of the displacement component as follows;

9%u
EpATS = [1-u

2 %u(x,t)
sl m T ©)

The equation above represents the basic equation of the nonlocal rod model for axial vibration
in a thin rod. In case of u=eya = 0, the reduction of the equation to the equation of the
classical rod model is performed. To obtain the nonlinear vibration equation of the nanotube in
an elastic medium, first we introduce the deformation gradient tensor that was described by
Malvern [36] as follows;

F=Vu+lI @)

Here, u represents the displacement component of the motion, while I is the unit matrix. If body
forces on the element are absent in a medium exposed to a finite extension, in terms of material
coordinates, it is possible to write the equations of motion as follows;

V.[SFT] = p, 22 (®)

ot2

Here p, is the non-deformed density of the medium, while S is the second Piola-Kirchoff stress
tensor. The second Piola-Kirchoff stress tensor represents a conjugate of the Green strain tensor
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in terms of energy. Therefore, Hook’s law can be used as the governing equation. The equation
is written as follows;

S=cE 9)

Here, c denotes the fourth-order tensor that represents the elastic behavior of the material, while
E denotes the Green strain tensor written as follows;

E= %[FTF ~1] (10)

If limiting the boundary conditions of the rod and assuming only the radial deformation U(x,t)
take place in the medium, the gradient deformation tensor in the cartesian coordinates becomes
a diagonal matrix.

au
FXX =1+ E (11)
Fre = 1 (12)
Fyy = 1 (13)

By referring only to the non-zero element in the Green strain tensor, the following equation can
be obtained:

B = (1435) 5

(14)

The stress-strain relations of isotropic materials with the modulus of elasticity Ee and Poisson’s
ratio v become as follows;

_ Eg \
Sij = ooy B F 55 Exib;; (15)

dij denotes the Kronecker delta. If we replace equation (14) into equation (15), it is observed
that shear stresses are eliminated, while normal stress elements are shown as below:

_ _Fr(-v) 10u 9y
X7 (14v)(1-2v) (1 *3 ax) ox (16)
_g —_ Eev 10Uy 2y

Syy = Szz = (1+v)(1-2v) (1 *2 ax) ax (17)
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Equation (8) can be obtained as follows by rearranging equations (16), (17) and using equations
(11), (12), (13):

a)* | 53U, 2] 80 _ 2pot+v)(1-2v) 02U
[(6){) t2 0x + 3] ax2  3Eg(1-v) 0t2 (18)

In a special case, the infinite deformation of the medium, the nonlinear terms in equation (18)
become insignificant, and equation (18) is reduced to the following equation.

02U _ po(1+v)(1—2v) 02U
axz Eg (1-v) ot

(19)

By making the equation non-dimensional, let us introduce the following non-dimensional
variables:

y =2 (21)

(= (22)

here 1, defines the radius of the rod. If equations (18) and (19) are reorganized by using
equations (21) and (22), the following non-dimensional equations can be obtained as has been
described by Mousavi and Fariborz [37] ;

a2 oy , 2|0y _ 2o 0%w
[(a_c) + 2(6_() +§]F_ 3% (23)
and
0y _ U
ke (24)

where the coefficient § is defined as follows:

_ poTo?(1+v)(1-2v)
B Eg (1-v)

é

(25)

By using Egs. (2), (8), (16) and (17), the following nonlinear equation of motion in terms of
nonlocal elasticity is obtained:
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WNE L o (W) 2P 2500 25 B
[(6() +2(6§)+3] a2 _386t2 38u5(25t2' (26)

A similar equation was obtained by Fernandes et al. [38]. The main difference is that they
neglected y and z component contributions.

Setting 1 = 0 leads to the nonlinear equation of motion of classical elasticity.
3. Nonlinear wave modulation in nanorods by using the multiple-scale method

Finding precise solutions for nonlinear problems is usually hard. This especially applies to
nonlinear dynamics under the nonlocal elasticity theory due to the apparent complexity of the
governing equations. Nevertheless, handling nonlinear problems in case of sufficiently weak
nonlinearity is relatively straightforward. In this situation, evolution equations originating from
the equilibrium between dispersion and nonlinearity can be obtained using the dispersive nature
of the medium. As a result of the above-mentioned characteristic, it is possible to apply the far-
field theory of weakly nonlinear waves, the complete development of which has been performed
in different areas of engineering and physics, to nonlocal elasticity theory in case of equilibrium
between nonlinearity and dispersion.

In the present section, the modulation of the axial waves in nonlocal elastic media due to
nonlinear effects is examined. Therefore, the multiple scale technique [39] is used, and the
coordinate stretching below is presented:

h=¢"C , tp,=&"t , (n=012,..) 27
where ¢ represents a small parameter measuring the weakness of non-linearity.

It should be assumed that the field quantities represent the functions of fast variables ((, t), as
well as slow variables ((0, {1y mito tyty, e ) Therefore, the substitution presented below
can be performed:

0 2

]
a—{ = n=0 Sna , a = 211\.{:0 Sn ot (28)

By performing the expansion of the field quantities into an asymptotic series of ¢ as:
U=Yn1 ", (0,01, 02 st tis by, o) = €y + 20, + 305+ 29
29
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and introducing the above-mentioned expansion into Eg. (26), the differential equation
presented below is acquired.

2
[(sﬂ) +2e3 0 4 o Ty 52002 y 226"’1+---3]><[ P g2 00

FIe ¢ 07, FIe FIe a¢y 3 a0 o
£3 az‘“ + 262 aioqajzl + 2¢3 a‘zo“a’; + 263 aaz:‘gzz + &3 Zz‘f;] = 235[ aat‘(’)“ + &2 aat‘i’j +e3l :’3 +
2¢* atolg; + 26 ato 6t1 + 267 azolg; + & ?31:]1] % [ atzzlg;oz + e atjzlgéoz
£’ atozj;goz € %lel:azl +2¢° atogaz,zacl +2¢° atoggxazl + & a:;lg;lz
2¢2 % + 2¢3 % + 4¢3 % + 23 azo(z;i;latz + &3 at?zlfl;{loz:l (30)

The set of differential equations presented below is acquired as a result of setting the
coefficients of like powers of € equal to zero;

First-order, O(¢), equation:

0%y _ o 0%y 0"y
ag® o 0to? 9to2 9go° (31)

Second-order, O(g?),equation:

2%32‘111 20%Y, | 4 0%y _ 280%y, | 48 0%y, 26p 9%y,  4bp oy,

%0 0002 3000  38(,3{y 3 dtg? 3 dty dty 3 0t92000° 3 0t9298¢y 8¢y
46u 9%y,

3 830%0ty 0ty (32)
Third-order, O(£3),equation:

61]11)2 0%y, oYy 0%y, Oy, 0%y oYy 0%y | 4 0%y, 20%y3 |, 4 0%, 202y,
—_— +2— +2—= +2— + - + - + - + - +

(a(o EICs aly 8¢o” 94 6502 8y, 8¢° 300900, 303" 383007y 38(°
oYy %Yy _Ea‘-lk 48 0%y, 48 0%y, an’l_@ o*yz  4asu oty

900 000 801 3 0to2 | 3 0tgdty | 3 Otgdty | 3 0t,2 3 0692000 3 0tg28{p 0L,
46u 0%y _ 4 0*yr, _ 8&u 0%y _ 4bu 0%y _ 26p 04y _

3 0tg20 3, 3 8y20tg Aty 3 Oty dt10¢, 04 3 0,20t Oty 3 0t9297,°

26u_0*y
3 0t120(,>

(33)

where s, is the function of fast as well as slow variables.
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3.1 The solution of field equations:

In the present section, an attempt should be made to acquire the solution of the field equations
that govern different order terms in the perturbation expansion.

3.1.1 The solution of O(¢) order equation:

The form of the differential equation presented in Eq. (31) indicates that we should look for the
type of solution presented below:

U =04, 0, . tty, ) explilwty — k {p)] + c.c. (34)

where w denotes the angular frequency, k denotes the wave number, ©( 4,5, ...; t1,ty, ....)
denotes the amplitude function depending on the slow variables, and c. c. denotes the complex
conjugate of the equivalent quantity. As a result of introducing Eq. (34) into Eq. (31) and
requiring the non-vanishing solution for @©({;, {5, ...; t1,t5,....), the following dispersion
relation is obtained:

D(w,k) = k? — 8w? — duk’w? = 0. (35)

Here ©( (1,45, ...; t1,t,, ....) stands for an unknown function, the governing equation of
which will be acquired afterwards.

3.1.2 The solution of O(&?), order equation:

The form of Eq. (32) indicates that it is necessary to look for the type of solution for s,
presented below:

Y, = Y2, Wz(a)ei‘w +c.c. (36)

Here, the phasor 0 is defined by 8 = wt, — k {, and 4/2(1),..,11/2(_2) are functions of slow
variables of {, and t,. The equation for o=1 mode presented below is acquired by introducing
Eq. (34) and Eq. (36) into Eq. (32);

[k2 — §w?(1 + pk?) PSP + 2ik(1 — Sumz)%p + 2i80(1 + pk?] g—;‘i =0 (37)
1

Here, the coefficient of ‘1’2(1) is the dispersion relation and must be zero. The following is
obtained by employing the dispersion relation:
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2ik(1 — 8p0?) 22 + 2isw(l + pk?] 22 =0 (38)
a¢, aty

For obtaining non-zero solution for ¢ that satisfies Eq. (38), it should have the form below:

e=0(8,0,;t,..) , §=4—At (39)
Here, A stands for the group velocity of the wave, and it is described by:

k
vy =4 = o5 (LD (40)

Here, the function 11’2(1) represents another function, the governing equation of which is
acquired from the higher-order expansion of the field quantities. The solution of Eq. (32) for
a=2 mode is obtained as follows:

2) 3ik3 2 3ik3 2
p® — =
2 [4k*—460w2 166k w?] @ D(2k,2w) @

(41)

Here D(lk,lw) # Oforl =2,3,...
3.1.3 The solution of O(&3), order equation:

It is generally possible to express the solution for the order in question in terms of the phasor
as follows:

Ps = g’(zll}’g(“)ei‘w +c.c. , 0= wty—k{ (42)

Only the first order equation in terms of the phasor is required for completing the solution for
the unknown function @©(¢,{,, ...; t,, ....). By introducing Egs. (34), (36) and (42) into Eq.
(33), we obtain:

)
2[k% = 80?(1+ pk)]Y + 2221 4 ke | S +ﬂ[1—5uw ]"’;”; +
486w 2 4lk _ de 2
[1+ k] 3[1 8uw]< += 8(1+ k) Sku)ata(1
—g[l — Suoo ]a( lpl?¢ + 4lk34’(2)<p* = 0. (43)

Here, the coefficient of ‘}’3(1) is the dispersion relation and must be zero. By rearranging Eqg.
(43), we have:
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48w 2 fowsD | oawiV\ 0 L ag\) 20, o o o2
211 + ik ]X{l(atl #2220 ) 41 (22 4 228)] - 211 - spw? — 46k — AX(1 +

9? , *
hk?) 152 — k*lol%e + 4ik3p P = 0. (44)

Here, the dependence of ¢ on & has been already utilized. Furthermore, in case of assuming that

‘1’2(1) depends on t; and ¢; through &, then the drop occurs in the first terms in (44). As a result
of presenting a new variable tas t, =t , {, = €+ At, it is possible to read the second term
in Eq. (44) as follows:

G} G} 10 10 d G}
P4 ) 2_-2__%9,°90_ 29 (45)
at, al, e 0% e 0% Jt Jt

By introducing the expression of 11’2(2) into (44), the nonlinear Schrodinger equation presented
below is acquired:

I0) 9%
etV ge TrlelPe=0 (46)

where the coefficients v; and v, are defined by:

10y,  1[1-8pw? — 48pAkw — SA*(1 + pk?) |

1T2%kKk T T2 Sw(1 + pk2)
3 3k?
v, = 22k3(1 + pk?) {1 — [k2_6w2_48Hk2w2]} (47)

The NLS equation appears in different fields as an equation that defines the self-modulation of
one-dimensional monochromatic plane waves in dispersive media. The steady-state solution of
the NLS equation, usually representing the wave trains that can be expressed in terms of
Jacobian elliptic functions, contains bright and dark envelope solitons, a phase jump, and a
plane wave with a constant amplitude as special cases. In order to determine how the presented
initial data will develop in the long term for the asymptotic NLS equation in the form [40], the
criterion of whether v;v, > 0 or v,v, < 0 is significant:

AGTD =V(Mexp[i(KE—-NT)], n=E—vy1, v, = const, (48)

where V() stands for a real function of m.In the mentioned situation, in case of ||
approaching a constant V, at infinity, the solution is presented by a non-linear plane wave:

@) =Vyexp[i (K¢ -1, (49)
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where 2 = g, K? — 0, V%, It is generally possible to acquire the solution in terms of the
Jacobian elliptic functions by assuming that v, = 20, K. The specific functional form of the
solution in question will be presented only for the limiting cases below. If there is an assumption

thatV—>Oanda—V—>0
on

as |n| — oo, for g,0, > 0, the solution is presented by:
1/2
V(n) = A, sech [(ZV—VZI) Aon] (46)

: d

where 0 =0, K? — 0, Ay°/2. For v;v, <0, if @ - V,and a_(p - 0 as |n| = oo, the
n

solution is given as follows:

1/2

V = V, tanh [(— ;721) Von] (47)

where 2 =g, K? — 0, V,*. The mentioned solutions correlate to an envelope solitary wave
and a phase jump, respectively. On the contrary, it is a well-known fact that the plane wave
solution of the NLS equation is modulationally unstable in case of v;v, > 0 or stable in case
of v;v, < 0.

4. Numerical Results and Discussion

This study examines nonlinear wave modulation in nanorods on the basis of nonlocal elasticity
theory. In this study, numerical results are given for SWCNT with material and geometrical
properties. In the light of the open literature, no consensus has been achieved on Poisson’s ratio
of nanotubes. The suggested values vary in a wide band 0.19 ~ 0.34 [41]. Therefore, in the
present study, v is selected as 0.3, and the nonlocal parameter p is taken as 0 ~ 4x10~8nm?2.
Some material properties are taken as po = 2300 kg/m3 , 1y = 10~°m ,E = 1 TPa.

As mentioned previously, the features of both solutions of the NLS equation and the stability
of the plane wave solution significantly depend on the sign of v,v,. Thus, giving more details
on the change of v;v, with the wave number will be interesting. The variation in v; for axial
waves by wave number for three nonlocal parameter values are depicted in Fig 1. As is seen
from this figure for each selected values of y, v; values remain positive (v; > 0). To clearly
see the effect of uon v, , the graphs of v, by wave number are plotted in Fig 2. This figure also
shows that for each selected values of y, v, values remain positive (v, > 0). The alterations of
v, v, for axial (longitudinal) waves and the wave number are presented in Fig 3. As is seen from
the mentioned figure, the plane wave solution for the wave in question is unstable for all values
of the wave number for all nonlocal parameter values.
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0.00020
0.00015 — p=10""
— p=2x10"
Vi _18
—— p=3x10
0.00010
0.00005
0 1.10° 2.10° 3.10° 410° 5.10°

k

Fig. 1. Variation in the v, for axial waves by wave number for three nonlocal parameter

values.
8.10% — p=10”
— p=2x10"
— p=3x10"
6.10%
V2
4.10%
2107
0 1.10° 2.10° K 3.10° 4.10° 5.10°
Fig. 2. Variation in the v, for axial waves by wave number for three nonlocal parameter
values.

Il
0 210° 410° ) 6.10° 8.10° 110"

Fig. 3. Variation in the v, v, for axial waves by wave number for three nonlocal parameter

values.
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Regarding the alteration of the solution profile of the nonlinear Schrodinger equation, the split-
step Fourier method [42] was utilized, and the evolution equation was solved numerically. The
change of the solution profile with variable n at spatial time is presented in Fig. 4. Here, the
nonlocal parameter was taken as u = 10718, For p =0, there is no solitary wave profile
because of non-dispersion.

1.0

0.8[

|Al o6}

0.4+

0.2

. . . . |
-4 -2 0 2 4

n
Fig. 4. Variation in the solution profile of the NLS equation by variable n (at u = 10718)

The variation of wave frequency with the nonlocal parameter p for various values of the wave
number is given in Fig. 5. From the mentioned figure, it can be observed that a decrease in
frequencies occurs with an increase in the nonlocal parameter. The frequency curves get closer
to each other with an increase in nonlocal parameters.

6.10”
—— k=4x10’
. —-—- k=2x10°
1
e N (e k=1.5x10°
o (k)

4.10°
310°

2.10°

7

Fig. 5. Variation of wave frequency with the nonlocal parameter values for various values of
the wave numbers
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25.10"

2.10"

Vg,c

1
1,5.10

~ —
! e el W e R S |

1.10° 2.10° 3.10° 4.10° 5.10°

Fig. 6. Variation of phase and group velocities by the wave numbers for different nonlocal
parameter values.

The impact of the nonlocal parameter on the velocities of nanotubes is plotted in Fig.6. From
this figure, it can be observed that group and phase velocities decrease with increasing nonlocal
parameters and wave numbers. For p=0, the group velocity is equal to phase velocity, which
shows the non-dispersive situation.

k=10°
\ — — k=4x10°
- - - k=6x10°

9
3.10

lo

Fig. 7. Variation of group velocity with the radius for some different values of wave numbers.

The variation of group velocity with the radius for some different values of the wave number is
presented in Fig.7. As is seen from the figure in question, with the increasing values of the
radius, it is observed that group velocities decrease rapidly for different wave numbers.
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5. Conclusions

In the present study, the self-modulation of weakly nonlinear and strongly dispersive waves in
nanorods was examined, and the nonlinear Schrédinger (NLS) equation was obtained as an
evolution equation of a slowly changing amplitude of the carrier wave. Solutions for the NLS
equation for nonlinear plane waves, envelope solitary waves, and phase jump solutions are also
provided. In addition to these, in the present study, due to nonlocality, the elastic medium has
a dispersive character. The nonlocal parameter p represents the dispersive character of the
medium. If u = 0, this leads to the nonlinear motion of classical elasticity. In the wave
propagation analysis, together a linear and local situation represents a non-dispersive character.
A linear and non-local situation represents a dispersive character. Besides, the nonlinear and
local situation represents a non-dispersive character. However, in case of a non-linear and
nonlocal situation, nonlinearity and dispersion balance with each other and a solitary wave
profile arise.

In numerical calculations, it is shown that the plane wave solution of the NLS equation is
modulationally unstable in case of v;v, > 0 for all values of the wave number for all nonlocal
parameter values. This situation corresponds to the envelope solitary wave solution. For u = 0,
there is no solitary wave profile because of a non-dispersion. Wave frequency curves and group
velocity curves are plotted with the wave number, and it is shown that nonlocal frequency and
velocity curves are approximately the same with the literature [24,43]. To see the small-scale
effect of nanorods, the variation of wave frequencies was examined, and group velocities
changed with the radius of a nanorod. It is shown that frequencies and group velocities are
decreasing with the increasing nanorod radius. It is observed that the nonlocal parameter has an
obvious effect on wave frequencies and velocities. It is expected that the nonlinear modulation
introduced herein will be useful for studies on the nanostructure.
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